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Abstract. In this paper, we give a geometric characterization of mean ergodic 
convergence in the Calkin algebras for Banach spaces that have the bounded 
compact approximation property. 



1. Introduction 

We begin by recalling that in 1974, M. Lin [1] proved the following uniform 
ergodic theorem, where, as usual, B(X) denotes the algebra of all bounded linear 
operators on the Banach space X. 

Theorem 1.1. Suppose that X is a Banach space and that T £ B(X) satisfies 
\\T n \\ 

lim = 0. Then the sequence I N T* I converges in norm to an 



element in B(X) if and only if I — T has closed range. 

To the authors' knowledge, there has been no attempt to make a geometric 
charaterization of the norm convergence of the sequence I f k in the 

\ n+ k=0 J n 

Calkin algebra B(X)/K (X), where K (X) is the closed ideal of compact operators 
in B(X) and T is the image of T in B{X)/K (X). The main difficulty involved here 
is to find an analog of the property that I — T has closed range in the setting of 
B(X)/ K{X). In spite of the theory of semi-Fredholm operators, the fact that an 
operator S £ B(X) has closed range does not, in general, imply that S + K has 
closed range for every K £ K{X). 

To obtain the desired characterization, we introduce the following concept. Let 
X be a Banach space and let (P) be a property that a subspace M of X may or 
may not have. We say that a subspace M C X is an essentially maximal subspace 
of X satisfying (P) if M itself has property (P) and if every subspace M D M 
having property (P) satisfies dim M /M < oo. Using this concept, we can state 
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the main result of this paper. For T G B(X), the essential norm ||T|| e is the norm 
of T in B{X)/K{X). 

Theorem 1.2. Suppose that X is a Banach space having the bounded compact 

\\T n \\ e 

approximation property. If T G B(X) satisfies lim = 0, then the following 

n— *oo n 

conditions are equivalent. 

(1) The sequence I > T k converges in norm to an element in B(X) j K{X) . 



(- +i S Tfc ) 



Y~ i(y* a ) a ,u&(Y*) U :w*-\imy*=0 



(2) There is an essentially maximal subspace of X on which I — T is compact. 
The authors thank C. Foias and CM. Pearcy for helpful discussions. 

2. The Calkin representation for Banach spaces 

In this section, X is a fixed infinite dimensional Banach space. Let A be the set 
of all finite dimensional subspaces of X directed by inclusion C. Then {{a G A : 
a 3 ao} : ao 6 A} is a filter base on A so it is contained in an ultrafilter U on A. 

Let Y be an arbitary infinite dimensional Banach space and let (Y*) u be the 
ultrapower (see e.g., Chapter 8 in [5]) of Y* with respect to U. (The ultrafilter 
U and the directed set A do not depend on Y .) If (y*) Q£ A is a bounded net in 
Y* , then its image in (Y*) u is denoted by (y^) a .u- Consider the (complemented) 
subspace 

r*\U . 

1 ■— ~\ \y a )a,u c \± ■ 
of (Y*) u . Bere, w*-limy* is the w*-limit of (y*) Q eA through U which exists by 

a,U 

the Banach- Alaoglu Theorem. 

Whenever T G B(X,Y), we can define an operator T G B(Y,X) by sending 
(y*) a ,U to (T*y* a ) a .u. Note that if K G K(X, Y) then K = 0. 

Recall that a Banach space Z has the bounded compact approximation property 
(b.c.a.p.) if there is a uniformly bounded net (S a ) a <z\ in K{Z) converging strongly 
to the identity operator / G B(Z). It is always possible to choose Ao to be the set 
of all finite dimensional subspaces of Z directed by inclusion. If the net (S , Q )aeA 

can be chosen so that sup ||£ Q || < A, then Z is said to have the A-b.c.a.p. It is 

aeA 

known that if a reflexive space has the b.c.a.p., then the space has the 1-b.c.a.p. 

Theorem 2.1. Suppose that X has the A-b.c.a.p.. Then the operator f : B(X)/ K(X) 
B(X), T i— > T, is a norm one (A + l)-embedding into B(X) satisfying 

f(I) = I and /(TiT a ) = /(T 2 )/(Ti), T U T 2 G B(X). 

Proof. It is easy to verify that / is a linear map, /(/) = I and /(T1T2) = 

/(T 2 )/(Ti), Ti, T 2 G B(X). If T G B(X) then clearly ||/(T)|| < ||T|| and thus 

we also have H/^)!) < ||T|| e . Bence ||/|| < 1 and / is continuous. It remains to 

show that / is a (A + l)-embedding (i.e., inf ||/(T)|| > (A + l)^ 1 ). 

II T IU> 1 

To do this, let T G B(X) satisfy ||T|| e > 1. Since X has the A-b.c.a.p., we can 

find a net of operators {S a ) a& \ C K(X) (where A is defined at the beginning of this 

section) converging strongly to I such that sup \\S a \\ < A. Then ||T*(J — S a )*\\ — 

aeA 
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- S a )T\\ > \\T\\ e > 1, a 6 A. Thus, there exists {x* a ) aeA C X* such that 
|| = 1 and ||T*(7 - S a )*x*J > 1 for a e A. 
Note that for every x <E X, 

limsup |[(7 — S , Q )*x*]a;| = limsup |x* [(7 — 5 a )x]| < limsup ||(7 — S Q )a;|| = 0, 

a£A ctgA a£A 

and so the net ((7 — S a )*x* a ) a eA converges in the w;*-topology to 0. By the con- 
struction of U, this implies that 

w*-]im(I - S a )*x* a =0. 

a, U 

Therefore, due to the definition f(T) — T, we obtain 

(1 + A)||/(T)|| > ||/(T)|| lim ||(7 - S )X|| = ||/(T)||||((7 - S Q )*<kdl 

a,U 

> ||/(T)((7-5 a )*<) a>c/ || 
= lim||T*(7-S a )*<|| >i- 

a, U 

It follows that ||/(T)|| > (1 + A)" 1 whenever ||T|| e > 1. □ 

Remark 1. We do not know whether Theorem l2.1l is true without the hypothesis 
that X has the b.c.a.p. 

Remark 2. The embedding in Theorem l2.1l is an isometry if the approximating 
net can be chosen so that ||7 — S a \\ = 1 for every a. This is the case if, for example, 
the space X has a monotonely unconditional basis. However, we do not know 
whether the embedding is an isometry if X = L p (0, 1) with p ^ 2. 

If N is a subset of Y * , then we can define a subset N' of Y by 

N' := {(l£)a,tf e F : \imd(y* a ,N) = o| . 

Lemma 2.2. 7/iV is a w*-closed subspace ofY*, then for every {y^) a ,u £ Y, 

d((y* a ) atU ,N') <2limd(y* a ,N). 

Proof. Let a = Iimd(y*,JV). Let S > 0. Then 

a, (7 

4 := {a 6 A : d(y* a , N) <a + S}eU. 

Whenever aei, \\y* — z* || < a + 5 for some z* a £ N. If we take z* = for a £ A, 
then, since sup ||y* || < oo, 

qGA 

sup ||z*|| = sup ||z*|| < (a + S) + sup \\y* \\ < oo. 
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lim 


4) 


< 


A 




lim 

a,U 


< 


lim 

a,U 


< 


(a- 


< 


(a- 



y a - z a + w - hm z 



in*- lim z 

0,U 



But 5 can be arbitarily close to so d((y^) a ,u,X') <2a = 2 lim , N). 

a.U 



□ 



Proposition 2.3. If X and Y are infinite dimensional Banach spaces and if T G 
B{X, Y) has closed range then T G B(Y,X) also has closed range. 

Proof. The operator T has closed range so T* also has closed range. Let c = 
inf{||TV|| : y* G Y*, %*,KerT*) = 1} > 0. Then by LemmaCL2 for every 

(y a ) a ,u e y, 

||T(i£)a,iHI = lim \\T*y*J > climd(y*,Ker T*) > U((y* a ) a ,u, (Ker T*)'). 
But obviously, (Ker T*)' C Ker f and so 

\\T(y* a ) a ,u\\ > ~d((y* a )*,u ,Ker f ), (y*)^ g ?. 



In other words, T has closed range. 



□ 



Lemma 2.4. Suppose that X cY and that T G Let T G F), x ^ Tx. 

Then T Y = TX. 

Proof. If {y*) a ,u G Y then for each a G A, T *y* = and (y*| X )«,!7 G X. 

Thus we have f fa) a ,u = (T^y*) a ,u = (T*(y* {x )) a ,u = Tfa^Uu G T*. 
Hence, f y C TX. 

Conversely, if {x* a ) a _u G X then we can extend each x* a to an element y* a G y* 



such that ||y*|| = ||x* ||. Thus we have I y* - uAlimy^ J G Y. Note that 



0,u 



a,U 



T o w *- l ™yp = w *- l ™ T oVp = w*-]imT*x*f, = T* w*-lim 



p,u J p,u 
This implies that 

T(x* a ) a u = (T*x* a ) a ,u 



0,U 



{Tay* a ) a ,u 



o I y a - w -f$yp y 1 



T ly* a -w*-]imyU G TqY 



p,u 



a,U 
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Therefore TX C T Y. 



a 



Proof of Theorem HH "(1W(2)": Let P := lim 

Th—¥<X. 

IT 1 



I + T 



n + 1 



Since 



lim - - = 0. 



n— too ii 



(2.1) (7 - f)P = lim (7 - f) 



Thus, TP = P and so 



I + T 



n + 1 



j _ jin+l 

lim — = 0. 

ra->oo n+1 



■ , P + TP 
P 2 = lim 



.+T n P (n + l)P • 
= lim = P. 

n— >oo n+1 ►<» n + 1 

Hence P is an idempotent in B(X)/ K(X). From Fredholm theory (see e.g. [3]), 
we know that since a(P) C {0, 1}, the only possible cluster points of <j(P) are 
and 1. Thus, there exists < r < 1 such that {z E C : \z - 1| = r} H cr(P) = 0. 
Th en P = ^ §^ =r (zl - P)- 1 dz and so P - ^ ^_ 1|=r (^ - P)" 1 e K(X). 
Therefore, by replacing P with P = ^ /| 2 -i| =r ( z ^ ~ P)^ 1 dz, we can assume 
without loss of generality that P is an idempotent in B(X) (see e.g., Theorem 2.7 
in [7]). Equation (|2~T|) also implies that (I - T)P e K (X) which means that I — T 
is compact on PX. 

We now show that PX is an essentially maximal subspace of X on which I — T 
is compact. Suppose that I — T is compact on a subspace Afo of X containing PX. 
Note that 

"/ + T+...+T" 



lim 



1 



-P + K r 



= 0, 



for some K\ , , 



lim 



. G _ftT(X), which gives 
I + T + ...+T n 



Since / — 

J+T+...+T"' 



1 



-(P-J) 



= 0. 



T is compact on Mq, ( 



— / is also compact on Mo and so is 
I + -ftT n on Mo- Thus, (P — -0| A/o is the norm limit of a sequence in 
K(M ,X), and so P - J is compact on M . Since PX C Mq, (I - P)M C M . 



n+1 



Therefore, (P - I) 



|(j-p)m q 



!|(/-P)M, 



is compact and so (/ — P)M$ is finite 



dimensional. In other words, dim Mq/PX < oo. 

"(2)=>(1)": Without loss of generality, we may assume that X is a subspace 
of Y = £oo(J) for some set J. Define T £ B(XJ oa (J)), x h+ Tx. Then by 
assumption, there is an essentially maximal subspace M of X on which I — To is 
compact. By Theorem 3.3 in [5], there exists _ftT 6 K{X,lea{J)) such that -KW = 
('-r )| M . 

We now show that / — Tq — K 6 B(X,£ 00 (J)) has closed range. Since M C 
Ker {I —T^ — K) and M is an essentially maximal subspace of X on which I—Tq — K 
is compact, Ker (/ — To — K) is an essentially maximal subspace of X on which 
7 — To — K is compact. 

Let 7r be the quotient map from X onto X/Ker (7 — To — K). Define the one 
to one operator R : X/Ker (I - T - K) -> t^J), « ^ (J — T — K)x. If 
P does not have closed range, then by Proposition 2.C.4 in [B], P is compact on 
an infinite dimensional subspace V of X/Ker (7 — To — K). Hence, I — Tq — K 
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is compact on tt x V and so by the essential maximality of Ker (7 — To — K), 
dim Tr^V/Ker (7 - T - K) < oo. Thus, V = n^V/Ker (7 - T - K) is finite 
dimensional, which is a contradiction. 

Therefore, R has closed range and so 7 — Tq — K also has closed range. By 
Proposition 12.31 I — To — K has closed range. But K = so I — Tq has closed 
range and by Lemma HOI I — T = I — T has closed range. 

i|t™|l \\T n \\ 

Since by assumption lim = 0, lim = lim = 0. By Lin's 

n n— yea n 



Theorem 11.11 [3] , the sequence * ) converges in norm to an element 

in B(X). By Theorem [HU the result follows. 
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